We extend our previous calculation of the quasi-local contribution to the self-force on a scalar particle to general (not necessarily geodesic) motion in a general spacetime. In addition to the general case and the case of a particle at rest in a stationary spacetime, we consider as examples a particle held at rest in Reissner-Nordström and Kerr-Newman space-times. This allows us to most easily analyse the effect of non-geodesic motion on our previous results and also allows for comparison to existing results for Schwarzschild spacetime.
I. INTRODUCTION
In previous work [1] (Paper I), we calculated the quasi-local contribution to the self-force on a scalar particle in geodesic motion in a general spacetime. We now show how this can be extended to allow for the motion to be non-geodesic. A strong motivation for doing so is that it allows our results to be compared against existing work. Anderson and Hu [2] have calculated the coordinate expansion of the function V (x, x ) appearing in the Hadamard form of the Green's function, providing a convincing check on the validity of the relations between covariant and coordinate expansions given below. In fact, the comparison allowed a missing factor of 2 in the results of Ref. [2] to be discovered [3, 4] . Anderson and Wiseman [5] built on this work to calculate the quasi-local contribution to the scalar self-force for the case of a particle held at rest in the Schwarzschild spacetime. This is useful not only as a check on the current work (in particular, with Q = 0, for Eqs. (4.3)) but also allows us to correct their result. Finally, Wiseman [6] has shown that the total self-force in this case of a static scalar particle in Schwarzschild spacetime is zero. This could potentially facilitate a study of the usefulness and accuracy of the matched expansion approach [1, 5] to the calculation of the self-force.
In Sec. II, we extend the general equations of motion calculated in Paper I to allow for non-geodesic motion. We then show in Sec. III how these expressions simplify significantly if the space-time is assumed to be stationary, and that they simplify further under the assumption that the space-time is static. As examples, the cases of a particle at rest in Reissner-Nordström and Kerr-Newman space-times are considered in Secs. IV and V, respectively. The Reissner-Nordström result is also used as a check on the existing results of Refs. [5] and [2] .
Throughout this paper, we use units in which G = c = 1 and adopt the sign conventions of [7] . We denote symmetrization of indices using brackets (e.g. (αβ)) and exclude indices from symmetrization by surrounding them by vertical bars (e.g. (α|β|γ)). Roman letters are used for free indices and Greek letters for indices summed over all space-time dimensions. The Roman letters i, j, k, l are used for indices over spatial dimensions only.
II. THE QUASI-LOCAL SCALAR SELF-FORCE AND EQUATIONS OF MOTION
In Paper I, we calculated an expression for the scalar self-force on a scalar charge q and mass m travelling on a curved background spacetime. However, this expression was only valid provided the particle's path was that of a geodesic of the background spacetime. Fortunately, with some care, this result can be extended relatively easily to allow for non-geodesic particle motion. As the calculation is largely the same as for geodesic motion, we briefly review it here (focusing mostly on the differences caused by the non-geodesicity of the motion) and direct the reader to Paper I for more extensive coverage.
We begin with our expression from Paper I (and previously given without some terms in Refs. [8] and [9] ) for the self-force in terms of a sum of local and non-local parts:
a is the 4-velocity of the particle, a is the 4-acceleration,ȧ = ∂a ∂τ is the derivative of the 4-acceleration with respect to proper time, G ret (x, x ) is the retarded scalar Green's function, m field is the field mass and ξ is the coupling to the background scalar curvature.
The first terms are all local to the particle's position and can be computed immediately without posing any real difficulty. Our task is therefore to elucidate the non-local integral term. To this end, we will work with an expression for the self-force which just contains the non-local integral term, with the understanding that the local terms can easily be added back in later if necessary:
Note that in the specific cases considered in Paper I, we only had geodesic motion (a a = 0,ȧ = 0) in Ricci-flat spacetimes (R ab = 0, R = 0) and without field mass (m field = 0), so that the local terms were all identically zero. However, for non-geodesic motion, the 4-acceleration will always be non-zero so there will always be at least those terms to be added back in.
As in Paper I, we will focus only on the the quasi-local contribution to this integral and leave the remaining portion to be computed by other means. The Hadamard form for the retarded Green's function is [10, 11] :
where θ − (x, x ) is analogous to the Heaviside step-function (i.e. 1 when x is in the causal past of x, 0 otherwise), δ (σ (x, x )) is the standard Dirac delta function, U (x, x ) and V (x, x ) are symmetric bi-scalars having the benefit that they are regular for x → x, and σ (x, x ) is the Synge [9, 12, 13] world function. Using this form for the Green's function, the expression for the quasi-local contribution to the scalar self-force simply becomes [8] :
where τ − ∆τ is a matching point chosen so that x(τ ) and x (τ ) are within a convex normal neighborhood and so that the remainder of the integral in Eq. (2.2) may be evaluated by other means. We now expand V (x, x ) in two different ways. First, we express it in the form of a covariant Taylor series expansion, i.e. an expansion in increasing powers of the derivative of the Synge world function,
where explicit expressions for the v a1...ap (x), up to O σ 5/2 are given in Paper I for massless fields in vacuum spacetimes. Paper I also describes how they may be obtained for massive fields in general spacetimes from the results Ref. [14] .
In Paper I, we were able to use this expression for V (x, x ) to compute the self-force for geodesic motion. Unfortunately, things are less straightforward when non-geodesic motion is allowed for. The problem arises as a result of the presence of σ a in this expression. As demonstrated in Fig. (1) , it encodes the proper time, τ g , along a geodesic of the background space-time through σ a σ a = −τ g 2 . However, the integral in Eq. (2.4) is along the world line of the particle. In the previous case of geodesic motion, this was not a problem as in that case τ g is a natural parameter along the world line. For non-geodesic motion, this is no longer the case. To proceed with the calculation using this expansion of V (x, x ) would require us to first express the geodesic proper time τ g in terms of the integration variable, i.e. the particle's proper time τ . This is a non-trivial task for general motions in general space-times. An easier resolution of this problem comes from expressing V (x, x ) in a second form, as a non-covariant Taylor series expansion in the coordinate separation of the points, ∆x a :
The world-line of a static particle (x i = constant) in Reissner-Nordström space-time is not a geodesic, so the geodesic proper time, τg, and the particle proper time, τ , are not the same. The integral in Eq. (2.4) is along the particle world-line, while σ a is along the time-like geodesic.
where ∆x α = x α − x α and the quantitiesv α1...αp (x) may be expressed in terms of combinations of the (known) quantities v α1...αp (x) as follows.
First, the world function σ (x, x ) may be expressed in terms of an expansion in powers of the coordinate separation of x and x , ∆x α :
where the coefficients A αβγ , B αβγδ , C αβγδ , . . . are to be determined. In order to determine these coefficients, we note that Eq. (2.7) implies the coordinate expansion of the derivative of σ is: and equating powers of ∆x α , we get expressions for each coefficient in terms of the lower order coefficients. The lowest terms are given by:
This procedure may be easily extended to higher orders using a computer algebra package. Next, we obtain a relation between the known coefficients of the covariant expansion, Eq. (2.5), and those of the coordinate expansion, Eq. (2.6), by first substituting Eq. (2.8) into Eq. (2.5) and then equating the two expansions.
In this way we find the following expressions for thev α1...αp (x) in terms of the v α1...αp (x):
where the Γ α ab are the Christoffel symbols of the second kind. Althoughv abcde could alternatively be given in terms of the v α1...αp (x), we have found that the expression we give proves easier to work with. It is found by taking five symmetrized partial derivatives of the equation
and then taking taking the coincidence limit x → x. It is a special case of the general result that follows from taking any number of symmetrized partial derivatives:
for p odd (2.13)
Applying this identity recursively, we can re-express this with all odd lower order coefficients eliminated:
where the B n are the Bernoulli numbers [15] . Thus, these identities determine all odd coefficients in terms of derivatives of lower order even coefficients. Now, we simply substitute expansion (2.6) into Eq. (2.4) and, since V (x, x ) is a scalar, take a partial rather than covariant derivative to get an easily evaluated expression for the self-force (in this case, it is most natural to work with an expression for the self-force in covariant rather than contravariant form):
Finally, we obtain the equations of motion by projecting orthogonal and perpendicular to the particle 4-velocity:
where
is the projection orthogonal to u α . This expression may be evaluated for a specific particle path in a specific spacetime by writing the coordinate separations ∆x α in terms of the particle proper time separation (τ − τ ). Specific examples of such an evaluation are given in the following sections.
III. PARTICLE "AT REST" IN A STATIONARY SPACETIME
The expression for the quasi-local contribution to the self-force given in Eq. (2.15) and the subsequent equations of motion take on a significantly simple form if the space-time is assumed to be stationary and if we assume the spatial coordinate of the particle to be fixed. Stationarity allows us to introduce coordinates (t, x i ) such that the metric tensor components, g ab are all independent of the time coordinate. In addition, for a particle "at rest", x i = constant, and only the time component of the contravariant 4-velocity, u t , is non-zero. These conditions hold, of course, for the case of a particle held at rest in Schwarzschild spacetime which has already received much attention in the literature [5, 6] .
Since the spatial coordinates of the particle are held fixed, the points x and x are now only separated in the time direction. Furthermore, in this case it is straightforward to relate the time coordinate to the proper time along the particle's world line. As a result we can rewrite the coordinate separation of the points x and x in terms of the proper time:
Substituting this into Eq. (2.15) and performing the straightforward integral of powers of (τ − τ ) gives
We can now use Eq. (2.11f) forv abcde , along with the analogous equations forv a andv abc ,
,a (3.3)
to eliminate several terms in this expression. While this did not previously prove particularly beneficial in the general case, the fact that partial derivatives with respect to t of these fundamentally geometric objects vanish in a stationary spacetime means that many of the extra terms introduced by the substitution will also vanish. Indeed it is easy to see from Eq. As a result, Eq. (3.2) may be taken to arbitrary order to give:
To proceed further, we benefit from differentiating between the time and spatial components:
From this, it is clear that the t component of the quasi-local self-force only appears at even orders in ∆τ while the spatial components may appear at both even and odd orders. Note, however, that for a static spacetime -i.e. imposing time reversal invariance in addition to stationarity -the second term in Eq. (3.8) will vanish since each of thev t...ti must be zero in that case (as we have an odd number of t's). As a result, in a static space-time, the spatial component of the quasi-local self-force will only appear at odd orders in ∆τ .
By Eq. (2.17) and the fact that only the time component of the contravariant 4-velocity is non-zero, we can now rewrite the rate of change of the particle's mass as:
Similarly, by Eq. (2.16) we can now write the time and spatial components of the mass times 4-acceleration:
where f t and f i are as given in Eqs. (3.7) and (3.8).
Again, it is interesting to note the effect of imposing that the spacetime be static. For a static spacetime, the metric components odd in t vanish, so our result simplifies to:
IV. PARTICLE AT REST IN REISSNER-NORDSTRÖM SPACETIME
We now look at a specific example, where we calculate the quasi-local contribution to the scalar self-force on a static particle (i.e. held at rest) in Reissner-Nordström spacetime. We chose this spacetime as while, through its spherical symmetry, it retains much of the simplicity of Schwarzschild spacetime, it also illustrates better the difference nongeodesic motion makes. This is because its non-vanishing Ricci tensor means that the self-force appears at lower order than was seen in Paper I, where we concentrated on vacuum spacetimes. We therefore have more orders in which to see the difference between using the covariant (Eq. (2.5)) and coordinate (Eq. (2.6)) expansions for V (x, x ).
The Reissner-Nordström spacetime has line element
Since this is an example of a particle at rest in a static spacetime, we may use Eqs. (3.9) and (3.11) in order to calculate the equations of motion. Computing and substituting in the expressions for the relevantv t...t (x) in Reissner-Nordström spacetime, along with the time component of the 4-velocity,
we arrive at our result for the quasi-local contribution to the equations of motion of a scalar particle held at rest in Reissner-Nordström:
In the limit Q → 0, this reduces to the Schwarzschild case, which may be compared to Ref. [5] . However, Anderson and Wiseman use an incorrect expression to relate ∆t to (τ − τ ) and also use the results of Ref. [2] prior to the corrections given in the subsequent errata [3, 4] . Once these two issues are corrected, we find our results are in exact agreement.
An alternative approach in the special case of a static, spherically symmetric space-time is to use the Hadamard-WKB approach developed in Ref. [2] to calculate the coordinate expansion of the retarded Green's function, i.e.
where the coordinate γ is the angle on the 2-sphere between x and x . Upon doing so for Reissner-Nordström spacetime, we find that the coefficients of the expansion of V (x, x ) relevant to the current static particle calculation are 1 :ṽ 000 =ṽ 001 = 0 (4.5a)
Additionally, for a particle held at rest in Reissner-Nordström, we can immediately relate the coordinate point separations ∆x α to τ − τ ,
Taking the partial derivative of Eq. (4.4), relating the coordinate separations to proper time separations using Eqs. (4.6) and performing the integral over τ , we arrive at a result which is in exact agreement with Eqs. (4.3).
V. PARTICLE AT REST IN KERR-NEWMAN SPACETIME
To illustrate the flexibility of the approach presented in this paper, we will now investigate the case of a particle in Kerr-Newman spacetime at rest relative to an observer at spatial infinity. We choose Kerr-Newman for analogous reasons to those of Sec. IV -the non-vanishing Ricci tensor means that the effects of the non-geodesicity of the motion are more apparent. While it is not clear whether the WKB approach of Ref. [2] could be extended to such a spacetime, the method presented here is easily adapted to any spacetime, including Kerr-Newman.
In Boyer-Linquist coordinates, the Kerr-Newman metric is [16] :
As expected, in the limit a → 0, these reduce to Eqs. (4.3).
VI. CONCLUSIONS
Our previous work in Paper I was only valid provided the particle's path is a geodesic of the background spacetime. We have shown here how this may be extended with reasonable ease to allow for non-geodesic motion. Some interesting insights have come as a result of this study.
First, it is interesting to note that, although the covariant approach still has the great benefit of being sufficiently general to be applicable to any spacetime of interest, we must convert to a coordinate expansion in order to obtain a final result. This is not very suprising as the benefit of using a covariant expansion hinges on having a geodesic along which to expand. The coordinate expansion, on the other hand, more naturally characterises motion which is not along a geodesic. However, as Sec. V demonstrates, beginning with the covariant expansion and computing the coordinate expansion from it allows the calculation to be done for space-times which previous methods have not yet been able to do.
It is also interesting to look more closely at the presence of the Christoffel symbols in the relation between the covariant and coordinate expansions. In the present context, these take on a particularly clear form by being directly related to the 4-acceleration of the particle. In particular, the leading order at which this effect appears is given in Eq. (2.11c), which in this case becomes (since the first two orders,v andv a , are identically zero): where a r is the radial component of the 4-acceleration of the particle. It is immediately clear from this expression that the deviation from the result for geodesic motion is a direct consequence of the particle's 4-acceleration.
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